This paper attempts to develop a theoretical framework that builds on heterogeneous beliefs to explain the financial anomalies related to IPO stocks. In particular, we develop a dynamic analysis framework to study the valuation of IPO price and the short-term probability of falling below IPO price based on perspectives of investors' heterogeneous priors and gradual information flow. Our study shows that the valuation of IPO price increases as the degree of heterogeneity due to investors' heterogeneous priors increases. Moreover, the short-term probability of falling below IPO price increases as the degree of investors' cognitive biases caused by gradual information flow increases.
Introduction
Traditional asset pricing theory states that a stock's return is determined by measures of its riskiness, such as its beta, in an efficient market. However, a lot of evidence has been found that there exist financial anomalies related to stock returns and these anomalies are not able to be explained by traditional asset pricing theory. Many scholars have tried to make technical modifications to the traditional asset pricing theory, but these effects are not satisfactory for explanations of such anomalies (Shiller, 2003) . More and more academic researchers start to challenge the basic assumption of homogeneous beliefs in the traditional asset pricing theory and the idea of heterogeneous beliefs has been introduced to study financial anomalies.
An early work by Miller (1977) points out that in the presence of heterogeneous beliefs and short-sales constraint, the valuations of optimistic investors will be reflected in a stock price because they can buy and hold stocks, but the valuations of pessimistic investors will not realize due to the short-sales constraint. Thus, the stock will be overpriced in short term, while the stock price will tend to the true value in long run as beliefs of two types of investors gradually converge with the flow of market information. Miller's model is based on qualitative analysis and Jarrow (1980) develops a theoretical framework for Miller's model.
The innovative work of Miller (1977) applies investors' heterogeneous beliefs to explain abnormal stock returns, providing a new idea for interpreting financial anomalies. The model of Miller (1977) is static, that is, the initial level of investors' heterogeneous beliefs is given and does not change before the stock liquidates. Hong and Stein (2007) point out that heterogeneous beliefs are originated from investors' heterogeneous priors due to differences in personal experience, educational background, age, occupation, gender, etc., however, investors can continually update their valuations based on their personal interpretations of incoming news, that is, heterogeneous beliefs can be also derived from gradual information flow. Regarding this, dynamic models that allow investors' heterogeneous beliefs to be updated are better suited to study financial anomalies than static models. The dynamic model was initiated by Harrison and Kreps (1978) and other contributions include Morris (1996) , Scheinkman and Xiong (2003) , Hong et al. (2006) , David (2008) , Gallmeyer and Hollifield (2008) , Tsyrennikov (2012), etc. Hong and Stein (2007) and Xiong (2013) provide surveys of the research work of heterogeneous belief. Hong and Stein (2007) summarize that mechanisms that can generate heterogeneous beliefs are heterogeneous priors, gradual information flow and limited attention.
In this paper, we attempt to develop a theoretical framework that builds on heterogeneous beliefs to explain the financial anomalies related to IPO stocks, the overvaluation of a stock IPO price and the high probability of falling below IPO price in short term. Empirical studies have already found the evidence for the relationship between the overvaluation of IPOs and heterogeneous beliefs (e.g. Douge et al., 2001; Cornelli et al., 2006; Gao et al., 2006; Dorn, 2009) , however, few theoretical studies focus on this issue. Xiong (2013) points out that it is reasonable and natural for investors to have heterogeneous priors about IPOs because they do not have any useful information to form any beliefs, and investors can gradually update their beliefs about the stocks according to the steam of market information over time. Regarding this, our theoretical framework is based on the perspectives of heterogeneous priors and gradual information flow.
The contributions of this paper are threefold to the best of our knowledge. First, from the perspectives of heterogeneous priors and gradual information flow, we derive a theoretical analysis framework for IPO price and short-term probability of falling below IPO price. Second, it is the first approach to theoretically show that the expectation of IPO price increases as the degree of heterogeneity due to investors' heterogeneous priors increases. Third, it is the first work to theoretically prove that IPO stock's short-term probability of falling below IPO price increases as investors' cognitive biases caused by gradual information flow increases.
The remainder of this paper is organized as follows. Section 2 establishes the time setting of our study. Section 3 and 4 develop the theoretical framework for the valuation of IPO price and probability of falling below IPO price, respectively. Section 5 concludes. Figure 1 indicates the time setting of our theoretical framework. Assume at time T − 2, a company's IPO is approved by the regulatory commission and investors have an initial valuation of the company's intrinsic value based on the existing information. During the period of (T -2, T -1), the company gradually discloses detailed information related to the company through road show. Then at time T -1, investors revise their valuations. During the period of (T -1, T), orders from investors are received and then the issuer decides on the IPO price at time T. After time T, the stock is traded publicly on the stock market. Because investors' heterogeneous priors will affect their valuations of the company's intrinsic value and thus affect the IPO price of the stock, our study on the valuation of IPO price covers the period from T -2 through T. It is noted that investors will form their private signals according to external and internal information shocks when the IPO price is determined at time T. During the period of (T, T +1), private signals will be disclosed gradually. Investors will adjust their valuations based on received signals, which thus affects the trading price of the stock. We study the probability of falling below the IPO price at time T +1 due to investors' heterogeneous priors and gradual information flow.
Time Setting of the Study

IPO Price
The IPO price of a stock should not only reflect the company's net asset value and future growth (i.e. the intrinsic value of the company) but also be accepted by investors. Thus, the IPO price (S IPO ) of the stock is considered to be composed of company's intrinsic value (V) and investors' valuation (S I ) of company's intrinsic value as follows
where 0 ≤ α ≤ 1. In an IPO process, the IPO price is determined by the issuer. Because the issuer is a rationally economic man, the IPO pricing follows the principle of expected utility maximization. Assume the utility function of the issuer is constant absolute risk aversion (CARA):
Where W is the amount of capital raised from the IPO and η is the risk-bearing capacity of the issuer. The corresponding expected utility function is
To maximize the expected utility function, it is equivalent to maximize    
and
The first order condition of (5) is
which yields
Combining (1) and (7), we have
and the expectation of IPO price is 
where β (0 ≤ β ≤ 1) and 1− β are the weights. Since there is no information exchange between two types of investors Substituting (10) into (9), we have 1 Similar to Hong et al. (2006) , we assume that valuations of both types of investors have the same degree of dispersion.
2
For the case that negative information is received, the following analysis could be applied similarly.
3
For the simplicity of derivations, we assume that the variance of investor's valuations does not change and this assumption will not affect the conclusion of the following analysis.
Differentiating E (S IPO ) with respect to δʺ yields
Therefore, (12) indicates that the expectation of IPO price increases as the degree of investors' heterogeneous priors increases.
Probability of Falling below IPO Price
According to the disclosure of company's information during the IPO process and the impact of market information, investors modify their valuations of company's intrinsic value, which forms private signals for both types of investors accordingly. As the private signals are gradually disclosed after the stock is publicly traded, one type of investor can further modify their valuations according to the signals received from the other type of investor. However, as information flows gradually, it is possible that one type of investor may or may not observe the modification made by the other type of investor, which then leads to investors' cognitive biases and eventually results in fluctuations of stock trading price. In this section, we focus on this situation and study the IPO stock short-term probability of falling below IPO price due to investors' heterogeneous beliefs. Following the analysis framework in Section 3, the valuation of pessimistic investors (type A investor) changes from For the case of opposite situation, the following analysis could be applied similarly. 
and 1 2
Let h t denote the degree of heterogeneous beliefs in the valuations of type A and B investors at time T + t. From (13) and (14), we have 0
This is also type A investor's understanding of heterogeneous beliefs since type A investor noticed type B investor's modification of valuation at time T -1. However, since type B investor did not notice type A investor's modification at time T -1 and still believes that Assume that the amount of shares that type A and B investors obtain in the primary market is (1 -k)Q and kQ(0 < k < 1), respectively. According to the market clearing conditions as well as the maximization of investors' expected utility function 5 , the valuations of the equilibrium stock price at time T for type A and B investors are
Since type A investor has noticed type B investor's change in valuation at time T -1, type A investor's valuation of the equilibrium stock price ( 1 A T P  ) reflects the real stock price (P T+1 ) at time T + 1, i.e. The utility function of investors is CARA:
change in valuation at time T -1, type B investor's valuation of the equilibrium stock price ( 1 B T P  ) is biased from P T+1 . Let P T be the IPO price of the stock. Now, we evaluate P T in three cases according to the values of h 1 and h 1 B and then investigate Pr(P T+1 < P T ), the probability of falling below IPO price at time T + 1.
Case 1:
In this case,
and 
The market clearing conditions and the maximization of investors' expected utility yield
Substituting (18) and (19) into (20), we get
Combining (17) and (21) yields
Since
, we obtain the probability of falling below IPO price at time T + 1
Case 2:
Following similar analysis as described in Case 1, it can be shown that
Case 3:
Similarly, we can show that
Recall that the value of δʹ indicates the degree of cognitive bias in type A and B investors' understanding of heterogeneous beliefs. Therefore, (24), (26) and (28) together imply that the probability of falling below IPO price increases as the degree of cognitive bias between investors increases.
If investors receive negative information about the company, then the valuation of pessimistic investors (type A investor) changes from  at time T − 1. Following similar analysis described above, it also can be proved that the probability of falling below IPO price increases as the degree of cognitive bias between investors increases.
Conclusion
Many theoretical and empirical studies have shown that financial anomalies in the stock market can be interpreted by investors' heterogeneous beliefs. In this paper, we focus on the anomalies related to IPO stocks. We develop a dynamic analysis framework to study the valuation of IPO price and the probability of falling below IPO price based on perspectives of investors' heterogeneous priors and gradual information flow. We show that (1) in a stock market composed of pessimistic investors and optimistic investors, the expectation of IPO price increases as the heterogeneity of two types of investors' belief on the company's intrinsic value increases; (2) the probability of falling below IPO price increases as the degree of cognitive bias between investors caused by gradual information flow increases.
